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Introduction
Let G be a finite group, and C be an abelian group. In this work, we first introduce the notion of C-monomial G-set: this is a pair (X, l) consisting of a finite G-set X, together with a functor from the transporter category X of X, to the the groupoid • C with one object and automorphism group C. The C-monomial G-sets form a category C MG-set, and we show that it is equivalent to the category C F G-set of C-fibred G-sets considered by Barker ([1] ). In particular, the C-monomial Burnside ring B C (G) introduced by Dress ([5] ) is isomorphic to the Grothendieck ring of the category C MG-set.
We extend these definitions to the notion of C-monomial G-poset: this is a pair (X, l) consisting of a finite G-poset X, and a functor l from the transporter category X to • C . We associate to each such pair (X, l) a Lefschetz invariant Λ (X,l) lying in B C (G). We show that any element of B C (G) is equal to the Lefschetz invariant of some (non unique) C-monomial G-poset.
We also introduce the category C MG-poset of C-monomial G-posets, and show that there are natural functors of induction Ind We extend several classical properties of the Lefschetz invariants of G-posets to Lefschetz invariants of C-monomial G-posets (the classical case being the case where C is trivial).
We next turn to the construction of generalized tensor induction functors T U,λ : C MG-poset → C MH-poset homomorphism µ : U → C such that if U is the stabilizer of the orbit Cx, then ax = µ(a)x for all a ∈ U. Since the stabilizer (C × G) x of x in C × G is equal to
the C-fibred G-set X is determined up to isomorphism by the subgroup U and µ. Conversely, let U be a subgroup of G, and µ : U → C be a group homomorphism. Then we set U µ = { µ(a) −1 , a | a ∈ U}, and denote by [U, µ] G the C-fibred G-set (C × G)/U µ . The pair (U, µ) is called a C-subcharacter of G. We denote the set of C-subcharacters by ch(G). The group G acts on ch(G) by conjugation. The G-set ch(G) is a poset with the relation ≤ defined by (U, µ) ≤ (V, ν) ⇔ U ≤ V and Res V U ν = µ for any (U, µ) and (V, ν) in ch (G) .
As an abelian group we have
where (V, ν) runs over G-representatives of the C-subcharacters of G, details can be seen in [1] .
The category of C-monomial G-sets
Let G be a finite group and C be an abelian group. Given a G-set X, we consider its transporter category X whose objects are the elements of X and given x, y in X the set of morphisms from x to y is Hom X (x, y) = {g ∈ G | gx = y}.
Let • C denote the category with one object where morphisms are the elements of C and composition is multiplication in C. Now we define C-monomial G-sets as follows.
Definition 1.
A C-monomial G-set is a pair (X, l) consisting of a finite G-set X and a functor l : X → • C .
In otherwords, for each x, y ∈ X and g ∈ G such that gx = y, we have an element l(g, x, y) of C, with the property that l(h, y, z)l(g, x, y) = l(hg, x, z) if h ∈ G and hy = z, and l(1, x, x) = 1 for any x ∈ X.
Let (X, l) and (Y, m) be C-monomial G-sets. If f : X → Y is a map of G-sets, we slightly abuse notation and also denote by f : X → Y the obvious functor induced by f . Now a map (f, λ) : (X, l) → (Y, m) of C-monomial G-sets is a pair consisting of a map f : X → Y of G-sets and a natural transformation λ : l → m • f . We denote by Let (X, l) and (X ′ , l ′ ) be C-monomial G-sets. We define the disjoint union of Cmonomial G-sets as (X, l) ⊔ (X ′ , l ′ ) = (X ⊔ X ′ , l ⊔ l ′ ) where X ⊔ X ′ is the disjoint union of G-sets and
is the functor such that (l ⊔ l ′ )(g, z 1 , z 2 ) = l(g, z 1 , z 2 ) z 1 , z 2 ∈ X l ′ (g, z 1 , z 2 ) z 1 , z 2 ∈ X ′ for any z 1 , z 2 ∈ X ⊔ X ′ such that gz 1 = z 2 for some g ∈ G. The product of C-monomial G-sets (X, l), (X ′ , l ′ ) is defined to be (X × X ′ , l × l ′ )
where X × X ′ is the product of G-sets and l × l ′ : X × Y → • C is the functor defined by
Our goal is to show that the categories C MG-set and C F G-set are equivalent. For this, we define a functor F : C MG-set → C F G-set as follows: given a C-monomial G-set (X, l), we set
which is the direct product C×X endowed with the (C×G)-action defined by (k, g)(c, x) = kcl(g, x, gx), gx for any (k, g) ∈ C × G and (c,
It is clear that F : C MG-set → C F G-set is a functor.
Lemma 2. Let C be an abelian group and G be a finite group. Then the above functor F : C MG-set → C F G-set is an equivalence of categories.
Proof. We prove that F is fully faithful and essentially surjective. First we show that F is essentially surjective. Given a C-fibred G-set X, let C\X be the set of C-orbits.
Clearly C\X is a G-set. We define a functor l : C\X → • C . Let Cx, Cy ∈ C\X such that Cgx = Cy for some g ∈ G. Then there exists a unique c ∈ C such that gx = cy. We set l(g, Cx, Cy) = c. We have F (C\X, l) = C × l (C\X). Now choose a set [C\X] of G-representatives of the G-action on C\X. Then for any x ∈ X, there exits a unique
So f is a (C × G)-map and clearly an isomorphism. Thus, F is essentially surjective. Let (X, l) and (Y, m) be C-monomial G-sets. We need to show that the map
induced by F is surjective and injective. Let ϕ :
for any c ∈ C and g ∈ G. We define a map
such that f : X → Y is defined by f (x) = z x and λ : l → m • f is defined by λ x = c x for any x ∈ X. Clearly, f is a G-set map. Let x ∈ X and g ∈ G. Then
So λ : l → m • f is a natural transformation and (f, λ) is a map of C-monomial G-sets. Thus, F (f, λ) = ϕ and F is surjective. The injectivity is clear, so F is fully faithful.
Proposition 3. Let G be a finite group. Then B C (G) is isomorphic to the Grothendieck ring of the category C MG-set, for relations given by decomposition into disjoint unions of C-monomial G-sets and multiplication induced by product of C-monomial G-sets.
Proof. We let B 1 C (G) denote the Grothendieck ring of the category C MG-set. The equivalence
for any C-monomial G-set (X, l). Now we show that F is a ring homomorphism. Let (X 1 , l 1 ) and (X 2 , l 2 ) be C-monomial G-sets. Then
For multiplicativity of F we define a map
So f is a (C × G)-map and obviously, f is a (C × G)-isomorphism. Using f we get
Thus, the desired result follows.
On the other hand given a subgroup U of G and a group homomorphism µ : U → C we get a C-monomial G-set (G/U, µ) where and µ : G/U → • C is the functor such that given gU, kU
The Lefschetz invariant attached to a monomial G-poset
A G-poset X is a partially ordered set (X, ≤) with a compatible G-action (that is gx ≤ gy whenever g ∈ G and x ≤ y in X). A map of G-posets is a G-equivariant map of posets. We denote by G-poset the category of finite G-posets obtained in this way.
There is an obvious functor ι G : G-set → G-poset sending each finite G-set to the set X ordered by the equality relation, and each G-equivariant map to itself.
The Lefschetz invariant attached to a finite G-poset, which is an element of the Burnside ring of G has been introduced in [7] by Thévenaz. We will define similarly a Lefschetz invariant attached to a C-monomial G-poset as an element of the C-monomial Burnside ring of G.
The category of C-monomial G-posets
Given a G-poset X, we consider the category X whose objects are the elements of X and given x, y in X the set of morphisms from x to y is Hom X (x, y) = {g ∈ G | gx ≤ y}. Now we define a C-monomial G-poset as follows. In otherwords, for each x, y ∈ X and g ∈ G such that gx ≤ y, we have an element l(g, x, y) of C, with the property that l(h, y, z)l(g, x, y) = l(hg, x, z) if h ∈ G and hy ≤ z, and l(1, x, x) = 1 for any x ∈ X.
Let (X, l) and
, where f : X → Y is a map of G-posets and λ : l → m•f is a natural transformation. We denote the category of C-monomial Gposets by C MG-poset. Product and disjoint union of C-monomial G-posets are defined as for C-monomial G-sets. When C is the trivial group, we will identify the category C MG-poset with G-poset. 
Let H be a subgroup of G and (X, l) be a C-monomial H-set. We let G × H X to be the quotient of G × X by the action of H. The set G × H X is a G-set via the action g(u, H x) = (gu, H x), for any g ∈ G, and (u, H x) ∈ G × H X. We define an order relation
it's enough to consider the chains of type (u, H x 0 ) < ... < (u, H x n ) in G × H X for some u ∈ G and a chain x 0 < ... < x n in X for some n ∈ N.
. Then there exists h ∈ H such that gu = uh and hx ≤ y. We define the induced C-monomial G-poset Ind Proof.
is a map of C-monomial G-posets and τ G is a functor.
2. Let (f, λ) : (X, l) → (Y, m) be a map of C-monomial H-posets. We set the pair
Then gu = uh and hx ≤ y for some h ∈ H. Since λ : l → m • f is a natural transformation, we get
where id X : X → X is the identity map on the H-set X and id l : l → l • id X is the identity transformation. Then we get 
Thus, Ind
Now let Y be a G-poset. Commutativity of the second diagram follows from
Proposition 8. Let G be a finite group and H be subgroup of G. Then the functor Ind
Proof. We prove that for any C-monomial H-poset (X, l) and any C-monomial G-poset (Y, m) we have a bijection
where
is a natural transformation. Let x, y ∈ X such that gx ≤ y for some g ∈ G. Then
We define an inverse map to ϕ as
Then there exists some h ∈ H such that gu = uh and hx ≤ y. Now, we have
Clearly, ϕ and θ are mutual inverse maps, and natural in (X, l) and (Y, m).
The Lefschetz invariant attached to a C-monomial G-poset
(l x 0 ) G where x 0 < ... < x n runs over G-representatives of the chains in X. The group G x 0 ,...,xn is the stabilizer of the set {x 0 , ...,
(l x 0 ) denotes the restriction of the character l x 0 introduced in Remark 4. Observe that if x 0 < ... < x n is a chain in X for some n ∈ N, by Remark 6 we have
Let (X, l) be a C-monomial G-poset. Given n ∈ N, let Sd n (X) denote the set of chains in X with order n + 1. Obviously, the set Sd n (X) is a G-set. Then ( Sd n (X), l n ) is a C-monomial G-set where l n : Sd n (X) → • C is the functor defined by
for any x 0 < ... < x n , and y 0 < ... < y n in Sd n (X) such that g(x 0 < ... < x n ) = y 0 < ... < y n for some g ∈ G.
Remark 9. Given a C-monomial G-poset (X, l), we have the following isomorphism of monomial G-sets:
Proof. Let [G/ Sd n (X)] be a set of representative of the G-action on Sd n (X). Let x = x 0 < ... < x n be a chain in Sd n (X) then there exist some g x ∈ G and a unique
is an isomorphism of G-sets. We show that
is a natural transformation. Let x = x 0 < ... < x n , and y = y 0 < ... < y n be sequences in Sd n (X) such that gx = y for some g ∈ G. There exist a unique σ x , σ y ∈ [G/ Sd n (X)] such that x = g x σ x and y = g y σ y for some g x and g y in G. Then x 0 = g x σ x 0 and y 0 = g y σ y 0 so y 0 = gx 0 = gg x σ x 0 . Thus, by uniqueness σ x 0 = σ y 0 and so g −1
By Remark 9, the Lefschetz invariant of a C-monomial G-set (X, l) can be written as
It follows that Λ X = Λ τ G (X) , where Λ X the Lefschetz invariant of the G-poset X introduced in [2] . We define similarly the reduced Lefschetz invariant of (X, l)
where 1 G is the trivial character of G.
Lemma 10. Let G be a finite group and C be an abelian group.
Proof. 1. and 2. are clear.
3. In the following proof using the inclusion
we identify the elements of B C (G) with their image in Q ⊗ Z B C (G). We start with rearranging the chains in X × Y as in the proof of Lemma 11.2.9 in [2] . Let n ∈ N. Given a chain z = z 0 < ... < z n in X × Y projection of z on X is denoted by z X and on Y is denoted by z Y . Then z X is a chain in X with order i + 1 for some i ≤ n and z Y is a chain in Y with order j + 1 for some j ≤ n such that i + j = n. Let s i be the chain s 0 < ... < s i and t j be the chain t 0 < ... < t j . Now
On the other hand
The first assertion of Lemma 10 tells us that every positive element of B C (G) is in of the form Λ (X,l) for some C-monomial G-poset (X, l). Now consider the poset
. So as a consequence of Lemma 10 we get the following corollary.
Corollary 11. Any element of the monomial Burnside ring can be expressed as the Lefschetz invariant of some (non unique) monomial G-poset.
we need to show that there exists a C-monomial G-set isomorphism between
Obviously, f n is a map of G-sets and injective. Now, we show that
We consider an element k ∈ G, and chains (u,
There exists some h ∈ H such that ku = vh and hx i = y i for all 0 ≤ i ≤ n. Then Lemma 13. Let (X, l) be a monomial G-poset. We have
Proof.
Remark 14. We can define the opposite of a C-monomial G-poset (X, l) as follows. We consider the pair (X op , l op ) where X op is the opposite G-poset with the order ≤ op defined by ∀x, y ∈ X, g ∈ G, gx ≤ op y ⇔ y ≤ gx and l op : X op → • C is defined by
for any x, y ∈ X op and g ∈ G such that gx ≤ op y. Obviously, the pair (
op is a map of G-posets and for any gx ≤ op x ′ , we get the commutative diagram
Let (f, λ) : (X, l) → (Y, m) be a map of C-monomial G-posets. Given y ∈ Y , following [3] we set
which are both G y -posets. We denote by (f y , l |f y ) the C-monomial G y -poset where l |f y : f y → • C is the restriction of the functor l. Similarly, we denote by (f y , l |fy ) to be C-monomial G y -poset where l |fy : f y → • C is the restriction of the functor l.
We define the functor l * f,λ m :
. for any z, z ′ ∈ X * f,λ Y and g ∈ G such that gz ≤ z ′ . Now let z 1 , z 2 , z 3 ∈ X * f,λ Y and g, g ′ ∈ G such that gz 1 ≤ z 2 and g ′ z 2 ≤ z 3 . We aim to show that
We have four cases to consider:
In the first case we get
In the second case, using the naturality of λ we get
In the third case, we get
In the fourth case
Proof. 
As a consequence, we give an analogue of Proposition 4.2.7. in [3] , which in turn was inspired by a much deeper theorem of Quillen in [6] .
Proof. We follow the proof of Proposition 4.2.7 in [3] . For any n ∈ N, any chain z = z 0 < ... < z n ∈ Sd n (X * f,λ Y ) can be of two types, depending on z n ∈ X or z n ∈ Y . For a sequence z of the first type we get
Res
Gz n Gz 0 ,...,zn (l * f,λ m) n zn = Res 
For the second assertion we consider the opposite map
Since we have Λ (X,l) = Λ (X op ,l op ) by Remark 14, the result follows. Now we set some notation. Given a C-monomial G-set (X, l), we can rewrite its Lefschetz invariant as
n .
Given a C-monomial G-poset (X, l) we let the set (X, l) U,µ to be
where m
Using this fact we prove the following lemma. V,nu for every C-subcharacter (V, ν) of G. We get
Let z be the matrix with the coefficients
for any C-subcharacters (U, µ), (V, ν). If we list the C-subcharacters in non-decreasing order of size of the subgroups, the matrix z is upper triangular with nonzero diagonal coefficients. Thus, z is nonsingular and so m
This proves the lemma.
Generalized tensor induction
Let G and H be finite groups. A set U is a (G, H)-biset if U is a left G-set and right H-set such that the G-action and the H-action commute. Any (G, H)-biset U is a left (G × H)-set with the following action:
A C-monomial (G × H)-set (U, λ) will be called a C-monomial (G, H)-biset, and usually denoted by U λ for simplicity. Now let U λ be a C-monomial (G × H)-set and u, u ′ ∈ U. Then the set of morphisms from u to u ′ in U is
If (g, h) ∈ Hom U (u, u ′ ), we denote the image of (g, h) under λ by λ(g, h, u, u ′ ). Let U λ be a C-monomial (G, H)-biset and V ρ be a C-monomial (H, K)-biset. Consider the set
The set U λ • V ρ is an H-set with the action
Indeed, the condition that we impose on U λ • V ρ amounts to saying that given (u,
This element h need not be unique, but it is well defined up to multiplication on the right by an element of
which does not depend on the choice of h, by the defining property of
or when λ and ρ are both equal to the trivial functor.
Given a C-monomial G-poset (X, l), we let t U,λ (X, l) be the set of G-equivariant maps
for all u ∈ U and g ∈ G u . Then t U,λ (X, l) is an H-poset with the action (hf )(u) = f (uh), for any h ∈ H, for any f ∈ t U,λ (X, l), for any u ∈ U. The order ≤ is given as follows:
We choose a set [G\U] of representatives of G-orbits of U. Then for all u ∈ U there exist some g h,u ∈ G and a unique σ h (u) ∈ [G\U] such that
, and we set
Now we show that this definition does not depend on the choice of g h,u . Assume that there exist g h,u , g
Furthermore, we get the following commutative diagram:
Definition 21. The above construction T U,λ : (X, l) → t U,λ (X, l), L U,λ is called the generalized tensor induction for C-monomial G-posets, associated to (U, λ).
Lemma 22. Let G and K be finite groups and U be a (G, K)-biset. Then there exists a bijection between the sets
Proof. Let u ∈ [G\U/K] and t ∈ [(K ∩ G u )\K] then there exist some g t,u ∈ G and a unique σ t (u) ∈ [G\U] such that ut = g t,u σ t (u).
We define ψ :
Lemma 23. Let G and H be finite groups, (U, λ) be a monomial (G, H)-biset and (X, l) be a C-monomial G-poset.
Also there exist some g h,σ h ′ (u) ∈ G and a unique
Now we get
Then there exists w ∈ G σ h ′ h (u) such that
We have the following commutative diagram:
On the other hand since w ∈ G σ h ′ h (u) , we get
Moreover, given f ∈ T U,λ (X, l) we have
and let S ′ be the another choice of representatives. If u ′ ∈ S ′ then there exist some a u ∈ G, and a unique u ∈ S such that u ′ = a u u. Then there exist some g h,auu , g h,u ∈ G, a unique σ ′ h (a u u) ∈ S ′ , and a unique σ h (u) ∈ S such that
We get the following commutative diagram:
Proposition 24. Let G and H be finite groups and (U, λ) be a C-monomial (G, H)-biset.
Let
Proof. 1. is clear.
2. Let (ϕ, β) : (X, l) → (Y, m) be a map of C-monomial G-posets. We define a map of C-monomial G-posets
Since given g ∈ G u and u ∈ U the map β : l → m • ϕ is natural, we have the following commutative diagram:
Since g ∈ G f (u) , we have
Then we get m g, ϕ f (u) , ϕ f (u) = λ(g, 1, u, u).
is a natural transformation. Let f, f ′ ∈ t U,λ (X, l) and h ∈ H such that hf ≤ f ′ . We show that the following diagram is commutative:
. Then there exist some g h,u ∈ G and a unique σ h (u) ∈ [G\U] such that uh = g h,u σ h (u).
Since β : l → m • ϕ is a natural transformation, we obtain the following commutative diagram :
Using the commutativity of the above diagram, and setting
is a map of C-monomial G-posets.
Lemma 25. Let G, H and K be finite groups. If U is a (G, H)-biset and V is a left free Clearly, θ(t)(v) is a map of G-sets. Let g ∈ G u . Then g ∈ G (u, H v) , and we get
. We get the following commutative diagram:
Using the commutativity of the above diagram and Lemma 25 we get Let u ∈ [G\U/K], k ∈ K and t ∈ [K ∩ G u \K] then there exist a unique σ k (ut) ∈ [G\U] and some g k,ut ∈ G such that utk = g k,ut σ k (ut).
Also there exist some c k,t ∈ K ∩ G u and a unique τ k (t) ∈ [K ∩ G u \K] such that tk = c k,t τ k (t).
Since c k,t ∈ K ∩ G u , there exists γ k,t,u ∈ G such that uc k,t = γ k,t,u u. Now utk = uc k,t τ k (t) = γ k,t,u uτ k (t) = g k,ut σ k (ut).
So σ k (ut) = uτ k (t) and there exists w ∈ G σ k (ut) such that g k,ut = γ k,t,u w. We get the following commutative diagram:
Now let f ∈ t U,λ (X, l) K,θ and k ∈ K such that kf = f . Note that since f is K-fixed, we have f (utk) = f (ut) = f (u) = γ k,t,u f uτ k (t) = γ k,t,u f (u), so γ k,t,u ∈ G f (u) . Hence f σ k (ut) = f uτ k (t) = γ k,t,u f (utk) = γ k,t,u f (u) = f (u). 
Proof. This follows from Assertion 2 of Proposition 26 and Assertion 2 of Proposition 31, and from the fact that the map T × (U,λ) depends only on the isomorphism class of (U, λ).
Remark 33. It follows from Remark 28 that if U is a finite (G, H)-biset, the square 
